Freeform surface illumination employs one or multiple freeform surfaces to redirect the light coming from a given light source to produce a target. There are several kinds of methods that can be used to solve this problem [1] [2] [3] [4] . Among these design methods, the Monge-Ampére (MA) equation method may be most advanced [3, 4] ; however, this kind of method has been covered by a veil of mystery for a long time due to the lack of details published about it [3] . It was demonstrated in a previous publication that this design problem, which is similar to the problem of optimal mass transport, can be converted into a nonlinear boundary problem for the elliptic MA equation [5] . Establishing this kind of mathematical model for freeform surface illumination removed the veil of mystery from the MA method for the first time. In the Cartesian coordinate system, the mathematical model of collimated beam shaping is given by [6] 8 > > < > > :
Et x x; y; t y x; yjJTj Ix; y BC: t x t x x; y; z; z x ; z y t y t y x; y; z; z x ; z y :∂S 1 → ∂S 2 ; 1 where Ix; y is the intensity distribution of the light source, Et x ; t y is the irradiance distribution of the target, S 1 and S 2 denote the cross section of the source and the target illumination area, respectively, and ∂S 1 and ∂S 2 are, respectively, the boundaries of S 1 and S 2 , as shown in Fig. 1 
where Φ A 1 z xx z yy − z 2 xy A 2 z xx A 3 z yy A 4 z xy A 5 and the coefficients A i i 1; …; 5 are functions of x, y, z, z x , and z y . We define F EΦ − I and use the nine-point finite difference for derivatives [6] . Then we can obtain a set of nonlinear equations by which the inner grid points are governed:
If we linearize this nonlinear problem, we get an iterative scheme for all the inner grid points, which is given by
where X k denotes the solution obtained from the kth iteration and F 0 X k is the Fréchet derivative of F at X k . For a inner point i; j, we have a specific form of Eq. 
where f 0 i;j denotes ∂f ∕∂z i;j . Similarly, we can tackle the boundary points and establish an iterative scheme for the mathematical model, which is written as
where ΔX X k1 − X k , A is a square sparse matrix of dimensions m 1 × n 1, B is an m 1 × n 1 dimensional column vector, and the number of variables equals m 1 × n 1. An initial design should be given, which can converge to a stable solution after several iterations. Here we employ a design shown in Fig. 2 as the initial value for the iterative scheme during the following analyses. According to the numerical technique presented above, first the domain S 1 should be discretized, and then an intensity matrix has to be determined for all the inner grid points, as indicated in Eq. (3). For a given Ix; y, which is an analytic function, the intensity matrix is defined by the function of each inner point. When Ix; y cannot be expressed in an analytic form (for example, Ix; y is a discontinuous function or even a bitmap recorded by a camera), the intensity matrix can be obtained by data interpolation. Figure 3 gives the results of these two cases. Here we assume the target is a uniform elliptical pattern. In Fig. 3(a) , the incident beam has a Gaussian distribution, and Ix; y is a discontinuous function in Fig. 3(b) . The targets are successfully achieved, and smooth surfaces are obtained. The results show clearly that the discontinuity of Ix; y has no influence on the MA method.
The domain S 1 is a square, which, of course, is a convex set. The perfect results shown in Fig. 3 indicate the MA method can work for a convex set. If S 1 is not a convex set, then what will happen in the design? Figure 4 (a) gives a domain S 11 , which is not a convex set. Since S 11 is not a rectangle or a circle, it is actually very hard to execute the discretization operation for such an irregular domain. To solve this problem, we create a regular domain S 1 , which is an addition of domain S 11 with domain S 12 , as shown in Fig. 4(a) . And we let the intensity of S 12 equal zero. Then we can execute the discretization operation for S 1 , which is a rectangle. According to the BC, the incident rays on ∂S 11 should be refracted by the freeform surface to ∂S 2 . With the fill operation, will the incident rays on the curve l 1 still be refracted to ∂S 2 ? In Eq. (1), the quantity jJTj represents the expansion (or contraction) of an infinitesimal tube of rays due to the refraction of the freeform surface. Namely, the infinitesimal tube of rays will converge to a point, a straight line, or a curve when jJTj 0. Since the intensity of S 12 equals zero and Et x ; t y ≠ 0, jJTj will approach zero during the iteration. Consequently, both the rays on l 1 and the rays within S 12 are refracted to the boundary of the illumination pattern, as shown in Fig. 5 . A smooth freeform surface is obtained, and the target illumination is achieved. Figures 4 and 5 show clearly that the MA method can also work for a nonconvex set. According to the results of these two cases, we find that nonconvexity of the domain S 1 of the light source has no influence on the MA method, and the iterative scheme can still converge quickly and successfully. Also, the fill operation provides us an effective tool to tackle the designs where S 1 is not a regular domain.
A simply connected domain is a path-connected domain where one can continuously shrink any simple closed curve into a point while remaining in the domain. Obviously, the domain S 1 shown in Fig. 3(b) is simply connected, and the results obtained by the MA method are perfect. If the domain S 1 is multiply connected [for example, there is a hole in the domain shown in Fig. 4(b) ], then is it possible to employ a smooth freeform surface to produce the uniform elliptical pattern? Fig. 2 . In the initial design, the incident beam with a uniform intensity distribution can be reshaped by the freeform lens to produce a uniform rectangular pattern. Similarly, we create a simply connected domain S 1 , which is an addition of domain S 11 with domain S 12 , and assume that the intensity of S 12 equals zero, as shown in Fig. 4(b) . Figure 6 gives the results of this design achieved by the MA method. Since the intensity of S 12 equals zero, all the rays within S 12 almost converge to a curve, as shown in Fig. 6(b) . The smooth surface is obtained, and the elliptical pattern is achieved. The results show clearly that the connectivity of S 1 has no influence on the MA method. We have discussed the influence of characteristics of the light source on the MA method. Next, we will explore how this method is affected by characteristics of the target.
According to the discretization shown in Eq. (3), an irradiance matrix should be similarly determined for all the inner grid points to solve those nonlinear equations. For a given Et x ; t y which is an analytic function, the irradiance matrix is calculated by the function of the intercept point of each inner ray on the target plane. When Et x ; t y is a discontinuous function [for example, a target contains the letters "UPM" on an elliptical background with the irradiance ratio of 2 (the letters) to 1 (background) to zero (outside)], the irradiance matrix can be determined by data interpolation with the intercept points. Figure 3 shows the result for a uniform elliptical pattern, and Fig. 7(a) gives the result of the "UPM" logo lens. The target Et x ; t y of the design shown in Fig. 7(a) is a discontinuous function. Obviously, whether Et x ; t y is an analytic function or not, the MA method is not affected by the discontinuity of Et x ; t y and can still work very well.
The boundary of the pattern shown in Fig. 7(a) is an ellipse, and the domain defined by this boundary, of course, is a convex set. Figure 7(b) gives the result of a design where the domain S 2 is a nonconvex set and the incident beam in the design has a Gaussian distribution. It shows clearly that the MA method also works very well and the target is achieved. The concavity and convexity of the domain S 2 of the target illumination has no influence on the MA method. The BC requires the boundary rays on ∂S 1 to be refracted by the surface to ∂S 2 . Namely, the intercept points of the boundary rays on the target plane should satisfy the expression of ∂S 2 . Thus, generally we need to obtain an expression of ∂S 2 before imposing the BC on the MA equation.
As presented above, we can still obtain perfect results when the domain S 1 of the light source is multiply connected. What will happen in the design if the domain S 2 of the target is multiply connected? Can we still use a smooth surface to produce the target? Figure 8(b) gives a target pattern that is multiply connected. Here, the irradiance of S 21 , of course, equals zero. The domain S 1 of the light source is simply connected, and the intensity distribution is uniform, as shown in Fig. 8(a) . If we use the initial design given in Fig. 2 for the iteration scheme, we can calculate the intercept points of all the incident rays on the illumination plane by tracing rays with the initial design. Then the irradiance matrix can be determined by the intercept points of the incident rays. If we assume the incident rays contained in S 11 are refracted to S 21 , we observe that E i;j corresponding to these incident rays equals zero. In this case, the coefficients contained in Eq. (4) will equal zero, and obviously the linear problem given in Eq. (6) is unsolvable. That is, we cannot obtain a smooth surface governed by the MA equation for such a target. Therefore, it is not possible to use the MA method to design a smooth surface when the domain S 2 of the target illumination is multiply connected.
Although it is impossible to produce the target pattern shown in Fig. 8(b) by using a smooth surface, this target can still be achieved by the MA method. We can divide S 2 into two separate nonconvex domains S 22 and S 23 , which are not multiply connected anymore, as shown in Fig. 8(c) . Then these two target patterns can be separately achieved by the MA method, and two separate smooth surfaces can be obtained. However, the freeform surface composed of these two separate smooth surfaces is not geometrically smooth. Determining how to achieve such a design is beyond the scope of this Letter.
Next, two application examples will be given to illustrate the practical interest of the new features of the MA method. In most applications of collimated beam shaping, the incident beam usually has a circular cross section. In addition, the circular aperture of a freeform optics preferred, because the circular aperture will make freeform optics much easier to fabricate. To facilitate design and fabrication, we would thus like to establish a mathematical model of collimated beam shaping in the cylindrical coordinate system, which is similar to the one given in Eq. (1). However, as it is different from the discretization operation in the Cartesian coordinate system, we will obtain three kinds of grid points: the inner grid point, the boundary point, and the vertex of the freeform surface in the cylindrical coordinate system, as shown in Fig. 9(a) . The inner grid point should satisfy the MA equation, and the boundary point should satisfy the BC. However, the vertex does not satisfy either the MA equation or the BC. Although the vertex is carefully treated, sometimes the iteration still fails to converge due to an unexpected bulge at the vertex of the freeform surface, shown in Fig. 9(a) . Fortunately, we can use the design model given in Eq. (1) together with the fill operation and Boolean operation to solve this problem, as shown in Fig. 9(b) . The target is successfully achieved, and the circular aperture is also obtained. The fill operation can avoid complications associated with singularities in the cylindrical coordinate system. Due to the excellent characteristics that can be used to achieve a large angle of deflection, high energy efficiency, and a compact design, the total internal reflection (TIR) lens is very popular in general lighting [1, 8, 9] . Currently, the TIR lens is mostly used to produce rotational illumination, and it may still be a challenge to design a TIR lens for nonrotational illumination. However, the excellent features of the MA method disclosed above give us a good chance of easily solving this problem. The second example is a TIR freeform lens, which can produce a nonrotational illumination, as shown in Fig. 10 . Figure 10(b) gives the irradiance distribution produced by the TIR collimator, whose back surface is designed to perfectly collimate the rays, and the nonrotational pattern is shown in Fig. 10(c) .
This Letter demonstrates the influence of the characteristics of a light source and target on the Monge-Ampére equation method in freeform optics design and presents some intrinsic features of the MA method. The design examples perfectly show practical application of these features of the MA method in freeform optics design. This work is important from both mathematical and practical standpoints, and the new features of the MA method presented in this Letter are also correct in the case of a point source, as demonstrated in [5] . 
